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Abstract
We study the rank N magnificent four theory, which is the supersymmetric local-
ization of U(N) super-Yang-Mills theory with matter (a super-group U(N |N) gauge
theory) on a Calabi-Yau fourfold. Our theory contains the higher rank Donaldson-
Thomas theory of threefolds. We conjecture an explicit formula for the partition
function Z, and report on the performed checks. The partition function Z has a free
field representation. Surprisingly, it depends on the Coulomb and mass parameters
in a simple way. We also clarify the definition of the instanton measure.
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1 Introduction and summary
In this paper we define the higher rank version of the ‘magnificent four’ theory [1],
and conjecture the free field expression of its partition function.
The latter is essentially the twisted Witten index of the supersymmetric quantum
mechanics describing a collection of k D0-branes in the presence of N D8-branes
and anti-branes wrapping a Calabi-Yau four-fold, which we take to be C4, in the
background of the appropriate B-field [2]. Of course, the collection of both branes
and anti-branes in flat space in the absence of additional fields breaks all super-
symmetry. The open string spectrum contains a tachyon that drives the system
towards a supersymmetric ground state, in which the branes and anti-branes anni-
hilate. When B-field is present, the complete annihilation need not take place. In
our problem we turn on additional background fields.
The intrigue of these problems is that they might teach us about the degrees
of freedom of M -theory. Recall that the analogous setup involving D0- and D6-
branes [3–5] reproduces the twisted index of eleven-dimensional supergravity viewed
as quantum field theory (when expanded around the Minkowski space) with global
supersymmetry.1 In our present case the introduction of higher dimensional branes
might probe additional degrees of freedom.
We shall assume the low-energy description of our system of branes and anti-
branes is given by an U(N |N) gauge theory, as in Ref. [8], although in our case this
1Up to a square puzzle, yet to be resolved, not to be confused with the square puzzle of Refs. [6, 7].
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is a cohomological field theory, not the Chern-Simons one.
As we shall see, mathematically our problem provides an interesting (albeit not
the uniform) measure on the space of colored solid partitions. Even for rank 1,
the counting of such objects is not known, namely the generating function of solid
partitions
P3(q) :=
∞∑
k=0
p3(k) q
k = 1 + q + 4 q2 + 10 q3 + 26 q4 + 59 q5 + 140 q6 + · · ·
+ 214071q16 + · · · (1.1)
where p3(k) counts the number of solid partitions of size k, does not have a known
closed form; only its values up to k ∼ 72 and its asymptotic behavior for large k [9]
are known. See Ref. [10] for the computational aspects of P3(q).
From the gauge-theoretic viewpoint, the D0 − D8 system provides a general-
ization of the ADHM construction for some 8 + 1 dimensional gauge theory living
on a stack of D8-branes (with the anti-D8’s playing the role of defects providing
some sort of fundamental matter fields). Namely, our D0-branes probing N D8-
branes provide the generalized U(N) instantons, whose energy is concentrated in
codimension 8, in agreement with Ref. [11].
The relevant Chern-Simons coupling on the D8 worldvolume X9 is
1
2(2pii)2
∫
X9
C(5) ∧ trF ∧ F (1.2)
where F is the field strength of the U(N) gauge field living on the stack of N
D8-branes and C(5) the RR 5-form. Now suppose X9 = R1 × Y 8, with a compact
Calabi-Yau fourfold Y 8, and take C(5) = dt ∧ Re Ω with Ω a holomorphic volume
form on Y 8. In this way one gets the action of the semi-topological gauge theory of
Ref. [12].
Finally, by restricting to the case of rank 1 and by taking the cohomological limit,
which corresponds to high temperature limit β → 0 in the quantum mechanical
problem, one makes contact with Donaldson-Thomas invariants of Calabi-Yau four-
folds recently discussed in Ref. [13].
Organization of the paper Section 2 deals with the D0−D8-brane system:
in section 2.1.1 we present the susy quantum mechanics, which is used to compute
the index in section 2.3, after recalling some relevant definitions related to 4d par-
titions in section 2.2.1; section 2.4 reformulates the problem from the viewpoint of
representation theory of tangent space, in particular in section 2.4.1 we prove that
3
the tangent space is movable, and in section 2.4.2 we prove a sign rule that allows
one to pass from the residue picture to the tangent space picture; in section 2.5 we
conjecture an expression for the instanton partition function. We conclude with a
discussion of CS-terms in section 2.7 and some aspects of wall-crossing phenomena
in section 2.6. In section 3 we comment on how our conjecture encompasses many
previously studied cases and how its various limits reproduce previously known re-
sults. Finally, in appendix A.1 we provide a simple example of computation, in
appendix A.2 we check our statement in the simplest non-trivial case, and in ap-
pendix B we recall some useful definitions. Appendix C contains some useful facts
about orbifold characters.
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2 The D0−D8 brane partition functions
In this section we formulate the matrix quantum mechanical problem aimed at
representing the system of D0-branes in the background of D8- and anti-D8-branes.
Even if the brane interpretation of our matrix quantum mechanics is questionable,
its twisted Witten index is a well-defined quantity that we compute below.
2.1 Matrix quantum mechanics
The system of k D0-branes slowly moving in flat Minkowski space is described
by the maximally supersymmetric gauged quantum mechanics, which is obtained
2Research at Perimeter Institute is supported by the Government of Canada through the Department
of Innovation, Science and Economic Development and by the Province of Ontario through the Ministry
of Research and Innovation.
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by the dimensional reduction of ten dimensional super-Yang-Mills theory to 0 + 1
dimensions.
The wavefunctions of this quantum system are the U(k)-invariant functions of
9 bosonic and 8 fermionic Hermitian k × k (adjoint-valued) matrices. Indeed, the
sixteen-component Majorana-Weyl fermions become, upon quantization, the gener-
ators of real Clifford algebra, half of which could be chosen as odd coordinates (with
the additional parity constraints). The U(1)-part describes the helicity components
of the Kaluza-Klein modes of the supergraviton in eleven dimensions compactified
onto S1 × R1,9, while the non-abelian SU(k) part is believed to have a unique L2-
normalizable supersymmetric ground state [14].
The presence of additional N Dp-branes adds to the matter content the k ×N
and N × k-valued matrix fields, bosonic and fermionic, depending on the brane’s
spatial dimensionality p and the choice of GSO projection.
The quantity of our primary interest is the twisted Witten index
ZDpN,k(g) = trHk,N (−1)F g e−βĤk,N (2.1)
where g is an element of the global symmetry group, which commutes with at least
one of the supercharges. Of course, eq. (2.1) depends only on the conjugacy class
of g.
2.1.1 Lagrangian and supersymmetry
The low energy action for k D0-branes is the dimensional reduction of super-Yang-
Mills theory from 9 + 1 to 0 + 1 dimensions. We are interested in D0-branes moving
in the background of D8-branes with B-field, therefore we organize the fields ac-
cording to the symmetry breaking Spin(9, 1) → Spin(8) × Spin(1, 1). The global
symmetry commuting with the two preserved supercharges is SU(4) ⊂ Spin(8).
Our supersymmetric quantum mechanics has gauge group G = U(k). The bosonic
field content is given by the 4 complex k × k matrices Ba, their conjugates B†a,
a = 1, 2, 3, 4, a real vector At and a real scalar Φ, all valued in the adjoint repre-
sentation of G = U(k). We denote by K the defining k-dimensional representation
of G. We rotate into Euclidean signature (as eq. (2.1) corresponds to the periodic
Euclidean time) and combine them into σ = At + iΦ, σ
† = At − iΦ. The covariant
derivative ∂t + iAt can be complexified to Dt = ∂t + iσ. The Spin(9, 1) Mayorana-
Weyl spinor decomposes, under Spin(8), as 8s + 8c; in turn, these decompose as
8s = 4 + 4¯ and 8c = 6 + 1 + 1 under SU(4) ⊂ Spin(8).
Accordingly, the fermions are ψa, ψ†a, χab = −χba = 12εabcdχ†dc, η and χ all valued
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in Π End(K); the auxiliary bosons hab = −hba = 12εabcdh†dc and h = h† are valued
in End(K).
The N D8-branes along Rt × R8 contribute D0−D8 strings giving bosons I ∈
Hom(N,K) and I† ∈ Hom(K,N) from the Neveu-Schwarz sector, with fermionic
partners ψ ∈ Π End(N,K) and ψ† ∈ Π End(K,N) from the Ramond sector. Here
N is the N -dimensional vector space corresponding to Chan-Paton indices. The
fields I and I† are present only when we turn on the B-field, which we take to be
B =
∑4
a=1 ba dx2a−1 ∧ dx2a.
We also introduce an auxiliary system of fermions Υ ∈ Π Hom(M,K), Υ† ∈
Hom(K,M) and bosons H ∈ Hom(M,K). This may come from R sector of N
anti-D8-branes, whose Chan-Paton bundle we denote by M .
Let us combine the two preserved supercharges into a supercharge δ, which
squares to δ2 = Dt. The susy algebra reads
δBa = ψa, δI = ψ , δB†a = ψ
†
a , δI
† = ψ† ,
δψa = DtB
a = ∂tB
a + i[σ,Ba], δψ = DtI = ∂tI + iσI ,
δψ†a = DtB
†
a = ∂tB
†
a − i[σ,B†a], δψ† = DtI† = ∂tI† − iI†σ
δχab = hab, δhab = Dtχ
ab = ∂tχ
ab + i[σ, χab] ,
δχ = h , δh = Dtχ = ∂tχ+ i[σ, χ]
δσ† = η , δη = Dtσ† = ∂tσ† + i[σ, σ†] ,
δΥ = H , δH = DtΥ = ∂tΥ + iσΥ ,
δσ = 0 .
(2.2)
Define
sab = [Ba, Bb] +
1
2
εabcd[B†d, B
†
c ] =
1
2
εabcds†cd, µ =
4∑
a=1
[Ba, B†a] + II
† − 1kζ (2.3)
The action is S =
∫
dtL, L = δΨ, where
Ψ = tr
(
ψ†D¯tI + ψD¯tI†
)
+
∑
a
tr
(
ψ†aD¯tB
a + ψaD¯tB
†
a
)
+ tr (ηDtΦ) +
+
∑
a<b
trχ†ab
(
1
2
hab − sab
)
+ trχ
(
1
2
h− µ
)
+
1
2
tr
(
Υ†H +H†Υ
)
(2.4)
The FI term ∝ ζ > 0 represents the effect of the B-field. The classical Higgs branch
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M is the zero set of the scalar potential
V =
1
2
trµ2 +
1
2
∑
a<b
trs†absab (2.5)
modulo U(k) gauge transformations. On the space of solutions to the equations we
have [Ba, Bb] = 0 and tr II† = ζk > 0. One shows [1] that the equation µ = 0
implies the stability condition
K = C
[
B1, B2, B3, B4
]
I(N) (2.6)
Conversely, the GL(K)-orbit of any tuple (Ba, I) obeying eq. (2.6) crosses the locus
µ = 0 (which is, in turn, invariant under the U(k)-action).
The real virtual dimension of M is 2Nk, the number of components of Υ. Our
partition function eq. (2.1) can be written as some sort of χy-genus as
ZD8N,k(g) =
∫
[M]virt
Â ch∧•E (2.7)
where E = Hom(K,M) is a vector bundle overM and ch∧•E = ∑rkEi=0 (−1)i ch∧iE.
Both the A-roof and the Chern character are defined equivariantly, and contain the
respective equivariant weights.
2.2 Localization
Our system has the manifest global symmetry group GF = U(N)color × SU(4) ×
U(N)flavor, which acts on the bundles N , K and M . Denoting the fields collectively
by φ, the Witten index eq. (2.1) is computed by the path integral∫
TBD
[dφ] e−
∫ β
0 L dt (2.8)
where TBD denotes the space of fields obeying the twisted boundary conditions
φ(β) = gφ(0) for g ∈ GF . The U(1)-valued coordinates on the Cartan torus of GF
are the exponentiated Coulomb branch parameters {να}Nα=1 ∈ U(1)N ⊂ U(N)color,
the exponentiated fundamental masses {µα}Nα=1 ∈ U(1)N ⊂ U(N)flavor and the rota-
tional Ω-background parameters (q1, . . . , q4) ∈ U(1)3 ⊂ SU(4) ⊂ Spin(8), where qa
rotates the two dimensional plane 〈x2a−1, x2a〉 inside R8, with the SU(4) constraint
Q :=
4∏
a=1
qa = 1 (2.9)
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enforced to preserve the two supercharges.
In what follows we will denote the vector spaces with the GF -action as their
characters, e.g. M =
∑
µα and N =
∑
να.
Instead of dealing with the twisted boundary conditions, one can weakly gauge
GF , i.e. give a vev to the complexified
3 background gauge field At + iΦ that can be
gauge transformed to make it valued in the complexified Cartan subalgebra of GF .
4
The complexification of the Cartan subgroup TF of GF is parameterized by the C×-
valued parameters να = e
iaα , qa = e
iεa , µα = e
imα , so that z = {a = (aα)Nα=1, ε =
(εa)
4
a=1,m = (mα)
N
α=1} ∈ tCF spans the complexified Cartan subalgebra of GF .
Denote the new supercharge by δz and the new Lagrangian by Lz = δzΨz.
Specifically,
δzB
a = ψa, δzI = ψ , δzB
†
a = ψ
†
a , δzI
† = ψ† ,
δzψ
a = DtB
a + iεaB
a , δzψ = DtI − iIa ,
δzψ
†
a = DtB
†
a − iεaB†a , δzψ† = DtI† + iaI†
δzχ
ab = hab, δzh
ab = Dtχ
ab + i(εa + εb)χ
ab ,
δzχ = h , δzh = Dtχ , δzσ
† = η , δzη = Dtσ†,
δzΥ = H , δzH = DtΥ− iΥm , δzΥ† = H† , δzH† = DtΥ† + imΥ ,
δzσ = 0 ,
(2.10)
and
Ψz = tr
(
ψ†
(
D¯tI + iIa¯
)
+ ψ
(
D¯tI
† − ia¯I†
))
+
+
∑
a
tr
(
ψ†a
(
D¯tB
a − iε¯aBa
)
+ ψa
(
D¯tB
†
a + iε¯aB
†
a
))
+ tr (ηDtΦ) +
+
∑
a<b
trχ†ab
(
1
2
hab − sab
)
+ trχ
(
1
2
h− µ
)
+
1
2
tr
(
Υ†H +H†Υ
)
(2.11)
where in the unitary theory a¯ and ε¯a are complex conjugates of a and εa, respec-
tively. The index eq. (2.1) is now computed by the path integral with periodic
boundary conditions [15–18]
ZD8N,k(g) =
∫
PB
[dφ] e−
∫ β
0 Lz dt (2.12)
3One needs to uplift the quantum mechanics to the two dimensional sigma model to geometrize the
scalar in the vector multiplet of GF .
4The condition ∂tΦ + i[At,Φ] = 0 is required to preserve supersymmetry.
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2.2.1 Solid partitions
We can think of higher-dimensional partitions recursively. Start from a Young
diagram: this is a collection Y = (`1, . . . , `s) with s ≥ 1 of positive integers `i such
that `i ≥ `i+1 for i = 1, . . . , s−1, and we denote its size by |Y | =
∑s
i=1 `i. Inclusion
is defined as Y ⊆ Y ′ iff `i ≤ `′i for all i. The next step is a plane partition: this
is collection pi = (Y1, . . . , Ys) of Young diagrams Yi such that Yi+1 ⊆ Yi. Inclusion
is defined as pi ⊆ pi′ iff Yi ⊆ Y ′i for all i’s, and the size is |pi| =
∑s
k=1 |Yk|. The
next step is a solid partition: this is a collection ρ = (pi1, . . . , pis) of plane partitions
pii, such that pii+1 ⊆ pii. Its size is |ρ| =
∑s
k=1 |pik|. Equivalently we can think
of a solid partition ρ as a collection of non-negative integers {ρi,j,k} indexed by
integers i, j, k ≥ 1 subject to the conditions ρi,j,k ≥ ρi+1,j,k, ρi,j,k ≥ ρi,j+1,k and
ρi,j,k ≥ ρi,j,k+1. The size is |ρ| =
∑
i,j,k ρi,j,k. In this formulation, we can regard the
solid partition ρ as the subset of points (a, b, c, d) ∈ Z4, such that a, b, c, d ≥ 1 and
d ≤ ρa,b,c. The character of a solid partition ρ is
chρ(q1, q2, q3, q4) =
∑
(a,b,c,d)∈ρ
qa−11 q
b−1
2 q
c−1
3 q
d−1
4 (2.13)
A colored solid partition ~ρ = (ρ1, . . . , ρN ) is a N -dimensional vector of solid
partitions, where we call N the rank. We define its character as
K =
N∑
α=1
να chρα(q1, q2, q3, q4) (2.14)
where we introduced Coulomb branch parameters να. Its size is |~ρ| =
N∑
α=1
|ρα|.
We define the dual K∗ of K by replacing qa with q−1a = q∗a for a ∈ {1, 2, 3, 4}
and similarly for N and M . We call a finite sum (with ±1 coefficients) of finite
products of K, N , M and their duals a virtual character. A virtual character is
movable when it does not contain ±1 factors in the sum.
2.2.2 Ordering of monomials
We introduce the following version of the lexicographic order on monomials in four
variables (q1, q2, q3, q4): before imposing the condition Q = 1, first order monomials
by increasing powers of q4, then order terms with same power of q4 by increasing
powers of q3, then order terms with the same power of q4 and the same power of q3
9
by increasing powers of q2, and finally do the same with q1; in formulas
(i, j, k, l) < (a, b, c, d) ⇔
(l < d) ∨ (l = d ∧ k < c) ∨ (l = d ∧ k = c ∧ j < b) ∨ (l = d ∧ k = c ∧ j = b ∧ i < a)
(2.15)
where ∨ stands for OR, while ∧ stands for AND.
Once an ordering has been chosen, the content of a solid partition ρ of size k is
xρ = (q
a−1
1 q
b−1
2 q
c−1
3 q
d−1
4 )(a,b,c,d)∈ρ (2.16)
where the A-th component of xρ comes from the A-th quadruple (i, j, k, l) ∈ ρ. We
associate to ρ the flag
Fρ = [{x1 = xρ,1 = 1} ⊃ {x1 = xρ,1} ∩ {x2 = xρ,2} ⊃ · · · ⊃ {x = xρ}] (2.17)
which can be used to define the iterated residue
ResFρ = Resxk=xρ,k · · ·Resx2=xρ,2 Resx1=xρ,1 (2.18)
2.3 Computation of the index
Let t be the Cartan subalgebra of G = U(k), k = rkG, W its Weyl group, and
u ∈ tC. The fields Ba and I provide a representation of G×GF
Vchiral =
⊕
i∈I
C(Qi,QFi ) =
k⊕
i,j=1
4⊕
a=1
C(Qij , QFa )⊕
k⊕
`=1
C(Q`) (2.19)
where we use calligraphic letters for a generic theory and italic ones for our theory.
HereQi ∈ t∗ andQFi ∈ t∗F are the weights of the i-th field, namelyQi(u),QFi (z) ∈ C.
Pick a basis {e1, . . . , ek} of t∗ where ea−eb are roots of SU(k) ⊂ U(k) and ei(u) = ui,
and a basis {E1, . . . , E4} of R4∗ where Ea − Eb are roots of SU(4) ⊂ GF and
Ea(z) = εa. Then Qij = ei− ej , Qi = ei and QFa = Ea− 1/4
∑4
b=1Eb. For i ∈ I let
Hi := {u ∈ tC | Qi(u) +QFi (z) = 0} (2.20)
Denote Is the set labeling (distinct) hyperplanes, Q = {Qi|i ∈ Is} and
Msing := {u ∈ tC | k linearly independent hyperplanes meet at u} (2.21)
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where two hyperplanes are linearly independent iff their normal vectors are linearly
independent (iff the corresponding Qi’s are linearly independent). For u∗ ∈Msing,
let Is(u∗) be the subset of Is indexing hyperplanes that contain u∗, and correspond-
ingly let Q(u∗) = {Qi|i ∈ Is(u∗)}. For the case at hand, we always have
Q(u∗) ⊆ {ei| 1 ≤ i ≤ k} ∪ {ei − ej | 1 ≤ i, j ≤ k, i 6= j} (2.22)
The fields χab and Υ provide another representation of G×GF
Vfermi =
⊕
j∈J
C(Rj ,RFj ) =
k⊕
i,j=1
3⊕
a<b
C(Qij , QFab)⊕
k⊕
i=1
C(Qi, Q(m)) (2.23)
withRi ∈ t∗ andRFi ∈ t∗F . We haveQFab = Ea+Eb− 12
4∑
c=1
Ec andQ
(m)(z) = m. If we
denote α the roots of G and set xi = e
2iui , yi = e
2izi , from the one-loop determinants
we get the rational function (set xQi = e2iQi(u) and [w] := w1/2 − w−1/2)
χk =
∏
α
[xα]
∏
j∈J [x
RjyR
F
j ]∏
i∈I [xQiy
QFi ]
=
k∏
i>j
sin2(ui − uj)
∏4
a<b sin(ui − uj − εa − εb)∏4
a=1 sin(ui − uj − εa) sin(uj − ui − εa)
k∏
i=1
N∏
α=1
sin(ui −mα)
sin(ui − aα)
(2.24)
Under the assumptions that (i) ζ 6∈ ConesingQ, (ii) for every u∗ in Msing the set
Q(u∗) is projective, and (iii) the space of fields {φi}i∈I that have a zero mode at
u = u∗ and solve the D-term constraints is compact, the index eq. (2.12) is [19]
ZD8N,k =
1
|W |
∑
u∗∈Msing
JK-Resu∗,ζ χk d
ku (2.25)
where the JK-Residue gives a prescription for which poles u∗ should be included
that depends on ζ through the chamber of t∗ w.r.t. Q(u∗) to which ζ belongs.
Dimension of Weyl group is |W | = k! for U(k). χk is invariant under Weyl group
permuting the ui’s and under S4 acting on the qa’s.
5
If we can find a FL(Q(u∗))+-regular ξ in the same chamber of t∗ w.r.t. Q(u∗) as
ζ, the JK-Residue is equal [20, 21] to a sum of iterated residues computed at flags
F ∈ FL+(Q(u∗), ξ), which has been studied from the algebro-geometric viewpoint
5If we simultaneously invert all qa’s to q
−1
a , χk picks a factor of (−1)k.
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by Parshin [22]. In our case, if we take ζ = +(e1 + · · ·+ ek) and
ξ = ζ + δ
k∑
i=1
(k − i+ 1)epi(i) (2.26)
for some small δ > 0 and some permutation pi, then only one flag contributes.
Let us take a different route. Fix u∗ ∈Msing and put
Σ := {σ = {σ1, . . . , σk} ⊆ Q(u∗)|σ spans t∗} (2.27)
The JK-residue for fσ =
1∏k
r=1 σr(u)
, σ ∈ Σ is
JK-Res fσ =
1, ζ ∈ Cone(σ)0, otherwise (2.28)
Near u˜ := u− u∗ = 0 we can write6 (in a non-unique way and possibly up to terms
that do not contribute to the residue)
χk =
∑
σ∈Σ′
fσhσ (2.29)
for some Σ′ ⊆ Σ and holomorphic functions hσ that are non-zero near u˜ = 0: the
function χk has at least k vanishing factors at denominator (of the form (xj − 1) or
(xi−xj)), assume k of these are a basis for the ideal of linear functions vanishing at
u˜ = 0 (otherwise the residue vanishes), so we can use it to eliminate one vanishing
factor at numerator; for each of the remaining summands, we repeat the above
argument, and we are left with eq. (2.29); this is the only possible contribution to
the residue.
If u∗ contributes to the residue, then there must exist σ ∈ Σ such that ζ ∈
Cone(σ). For ζ = −(e1 + . . .+ ek) there is no choice of σ ∈ Σ satisfying the above
condition, and the result is zero. For ζ = +(e1 + . . .+ ek) there are many such sets
that meet the condition. For example for k = 2 the sets {e1, e2}, {e1, e2 − e1} and
their permutations are allowed, with f{e1,e2} =
1
u1u2
and f{e1,e2−e1} =
1
u1(u2−u1) . For
generic k, an admissible set σ must contain at least one ej , which implies ei − ej is
allowed while ej − ei is not; if it contains ej and eb − ej , then it can contain ea − eb
but not eb − ea; therefore each set has a tree structure.
Among the allowed poles u∗, some may still not contribute to the residue due to
6One should use functions f˜σ =
∏k
r=1 sin
−1 σr(u). However since f˜σ ∼ fσ near u˜ = 0, the distinction
is unnecessary.
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cancellations among numerator and denominator. We want to prove by induction
on k that the existence of σ ∈ Σ′(u∗) with u∗ ∈Msing admissible implies that u∗ is
a solid partition. By Weyl symmetry, we can always assume ∃i < k such that
σ = σ(k−1) ∪ {ek − ei} (2.30)
where σ(k−1) only contains e1, . . . , ek−1 and is admissible with respect to the trun-
cation u
(k−1)
∗ . Since in the decomposition
χk(x1, . . . , xk) = δχk(x1, . . . , xk)χk−1(x1, . . . , xk−1) (2.31)
the factor σ(k−1) can only come from χk−1, we have σ(k−1) ∈ Σ′(u(k−1)∗ ), u(k−1)∗
admissible. Therefore by the induction hypothesis u
(k−1)
∗ is a solid partition.
We now show that the allowed ways to go from k − 1 to k correspond to the
possible ways of making a size k solid partition out of a size k − 1 one. Let us
examine the various possibilities, first without imposing Q = 1:
• if uk = uj + εc = uj′ for some j′ < k, namely if the new box uk is already
present in the partition, then uk − uj − εc = uk − uj′ and the singular term at
denominator is canceled by a term at numerator
• if uk = uj + εc = uj′ + εd for some d 6= c and j′ < k, then there exists some j′′
such that uk = uj′′ + εc + εd (this argument can be repeated pairwise)
• if there exists a such that uk − εa does not belong to the partition, then
uk − εa 6= ui for all i < k, and since uj = u` + εa for some ` < k, then
uk = u` + εa + εc.
Such correspondence is not altered when taking the Q → 1 limit, as we argue by
looking at fig. 1 (and prove later in section 2.4.2). A gray box corresponds to
Figure 1: A partition with some links in d = 2.
a possible way of adding a box to our partition, a single line linking two boxes
corresponds to a pole (a box in dimension d has at most 2d of these), a double line
can either correspond to a zero (when the two boxes differ by εa+εb for some a and
b, at most
(
d
2
)
possibilities) or link boxes that are placed along the same diagonal
of some hypercube and therefore differ by m
∑d
a=1 εa for some integer m (fig. 1 is
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in d = 2 where these two notions coincide, but in d > 2 they are distinct). In d = 4
when we impose Q = 1, all the boxes located along the same diagonal as the gray
box in the picture start interacting with each other, but the counting is such that
no new poles are created.
Finally, at a pole u∗ given by a solid partition ρ, by linearity of JK-residue and
thanks to the fact that
JK-Res fσ = ResFρ,pi fσ (2.32)
for all σ ∈ Σ, where the iterated residue is computed at the flag
Fρ,pi = [{xpi(1) = xρ,1 = 1} ⊃ {xpi(1) = xρ,1} ∩ {xpi(2) = xρ,2} ⊃ · · · ⊃ {x = xρ}]
(2.33)
determined by the ordered content of the solid partition and some permutation pi
that depends on u∗, we have
JK-Resχk = ResFρ,pi χk (2.34)
Weyl invariance of χk implies RHS of eq. (2.34) is invariant if we replace a permuta-
tion pi1 by another one pi2, and therefore the k! factor is canceled in the summation
over fixed points.
2.3.1 The colored measure
For rank N and size |~ρ| = ∑i |ρi| = k, let qij = qiqj and
# = qk
2
4
(∏
1≤a<b≤3(1− qab)∏4
a=1(1− qa)
N∏
α=1
√
να
µα
)k
(2.35)
χk = #
∏
1≤i 6=j≤k
(xj − xi)
∏
1≤a<b≤3(xj − xiqab)∏4
a=1(xj − xiqa)
k∏
i=1
N∏
α=1
µα − xi
να − xi (2.36)
Define the measure
Mz(~ρ) = Resx=x~ρ χk
k∏
i=1
dxi
xi
(2.37)
on the space of colored solid partitions, where the iterated residue is computed at
x~ρ =
(
νiq
ai−1
1 q
bi−1
2 q
ci−1
3 q
di−1
4
)
(ai,bi,ci,di)∈ρi, i=1,...,N
(2.38)
after imposing the condition Q = 1 and using a well-defined ordering.7
7In our experiments the result does not change if we impose Q = 1 after computing the residue.
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From our discussion above it follows that the instanton partition function
ZD8N (p, z) =
∞∑
k=0
pkZD8N,k(z) (2.39)
takes the form
ZD8N,k(z) =
∑
|~ρ|=k
Mz(~ρ) (2.40)
The instanton fugacity p can be related to the string coupling and the Ramond-
Ramond U(1) gauge field via
p =
1
gs
∮
S1
ds+ i
∮
S1
C(1) (2.41)
2.4 Mathematical properties of virtual tangent space
The character of the virtual tangent space to the moduli space at a fixed point, i.e.
a colored solid partition, is given by
T = (N −M)∗K − P123KK∗ (2.42)
where PA =
∏
a∈A(1− qa) for A ⊆ {1, 2, 3, 4}. T is a square-root of
T 2 = (N −M)K∗ +K(N −M)∗Q−KK∗P1234 (2.43)
We want to apply the map â to T to get the measure eq. (2.37) obtained from the
residue computation: the map is such that on monomials r, s it acts as â(r) = 1/[r],
mapping sums to products â(r + s) = â(r)â(s), and it converts T to a product of
weights in equivariant K theory.
2.4.1 The movable feast
We want to prove that the tangent space is movable. It is clear that for generic
aα’s it is enough to show this for N = 1. We proceed by induction: for the solid
partition of size 1 it is true. Assume T is movable for all solid partitions of the size
≤ k − 1. Any size k solid partition ρ is obtained by adding a box (A,B,C,D) to
the size k − 1 solid partition ρ−. We can safely assume the added box to be the
highest, i.e. for any (i, j, k, l) ∈ ρ−, (i, j, k, l) < (A,B,C,D). Let T− = Tρ− . Then
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T ≡ Tρ = T− + ξ−1(1− µ)− P123ξχ∗ − P123ξ−1χ−, where
ξ = qA−11 q
B−1
2 q
C−1
3 q
D−1
4 , χ
− =
∑
(i,j,k,l)∈ρ−
qi−11 q
j−1
2 q
k−1
3 q
l−1
4 (2.44)
We can represent the character of the new partition ρ as a sum of two terms:
χ = χ− + ξ = χΠ(ξ) + χρ\Π(ξ) (2.45)
where
χΠ(ξ) =
∑
(i,j,k,l)∈Π(ξ)
qi−11 q
j−1
2 q
k−1
3 q
l−1
4 ≡
A∑
i=1
B∑
j=1
C∑
k=1
D∑
l=1
qi−11 q
j−1
2 q
k−1
3 q
l−1
4 (2.46)
(recall that if (i, j, k, l) ∈ ρ then (i − 1, j, k, l) ∈ ρ, (i, j − 1, k, l) ∈ ρ etc. as long as
i, j, . . . obey i > 1, j > 1 etc.),
χρ\Π(ξ) =
∑
(i,j,k,l)∈ρ\Π(ξ)
qi−11 q
j−1
2 q
k−1
3 q
l−1
4 , (2.47)
where (i, j, k, l) ∈ ρ\Π(ξ) =⇒ (i > A) ∨ (j > B) ∨ (k > C) (recall that for all
(i, j, k, l) ∈ ρ, l ≤ D).
Denote by [χ](0), for a virtual character χ, the sum of the unmovable terms, i.e.
the monomials equal to 1. Then:
[
ξ−1(1− µ)](0) = δA=B=C=D , (2.48)
(we assume µ be generic, i.e. not equal to any monomial of the form q≥01 q
≥0
2 q
≥0
3 q
≥0
4 ),
[
P123ξ
−1χρ\Π(ξ)
](0)
=
[
P123ξχ
∗
ρ\Π(ξ)
](0)
= 0 , (2.49)
which we prove below, and
[
P123ξ
−1χΠ(ξ)
](0)
=
[
ξ−1(1− qA1 )(1− qB2 )(1− qC3 )
D∑
l=1
ql−14
](0)
=
=
[
−(1− q−A1 )(1− q−B2 )(1− q−C3 )
D∑
k=1
qk123
](0)
= δA=B=C∈{1,...,D} (2.50)
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[
P123ξχ
∗
Π(ξ)
](0)
=
[
−q123ξ(1− q−A1 )(1− q−B2 )(1− q−C3 )
D∑
l=1
q1−l4
](0)
=
=
[
(1− qA1 )(1− qB2 )(1− qC3 )
D−1∑
l=0
q−l123
](0)
= 1− δA=B=C∈{1,...,D−1} (2.51)
Let us now prove eq. (2.49). First:
P123 ∑
(i,j,k,l)∈ρ\Π(ξ)∧k>C
qA−i1 q
B−j
2 q
C−k
3 q
l−D
123
(0) = 0 , (2.52)
since k > C implies l < D (since l = D implies k ≤ C) so all the monomials in the
sum have strictly negative power of q3,P123 ∑
(i,j,k,l)∈ρ\Π(ξ)∧j>B
qA−i1 q
B−j
2 q
C−k
3 q
l−D
123
(0) = 0 , (2.53)
since j > B implies either l < D, in which case all the monomials in the sum have
strictly negative powers of q2, or l = D, which implies k < C, in which case all the
monomials in the sum have strictly positive powers of q3,P123 ∑
(i,j,k,l)∈ρ\Π(ξ)∧i>A
qA−i1 q
B−j
2 q
C−k
3 q
l−D
123
(0) = 0 , (2.54)
since i > A implies either l < D, in which case all such monomials in the sum have
strictly negative powers of q1, or l = D, which either implies k < C, in which case
all such monomials in the sum have strictly positive powers of q3, or k = C and
j < B, in which case all such monomials in the sum have strictly positive powers of
q2.
Secondly, P123 ∑
(i,j,k,l)∈ρ\Π(ξ)
qi−A1 q
j−B
2 q
k−C
3 q
D−l
123
(0) = 0 , (2.55)
since the terms with k > C have strictly positive powers of q3, the terms with j > B
have strictly positive powers of q2, and the terms with i > A have strictly positive
powers of q1.
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2.4.2 The sign rule
For simplicity we deal with rank one case. In this case the single Coulomb branch
parameter can be scaled away, so K is just the character of a solid partition ρ of
size k, and the only other parameter left from M we call µ: eq. (2.42) becomes
T = (1− µ)∗K − P123K∗K (2.56)
Construct the formal character T f by taking T and replacing monomials in K by
formal variables {xj}, namely
K →
k∑
j=1
xj , K
∗ →
k∑
j=1
x−1j (2.57)
By definition of â
Mz(ρ) = Resx=xρ
k∏
j=1
dxj
xj
â(T f + k) (2.58)
where the residue is well-defined since T is movable and the (+k) term takes care
precisely of the k (−1)’s that come from∑kj=1 xjx−1j . It is crucial that the identifica-
tion x = xρ follows a well-defined ordering: this means that we order the monomials
in K and assign to each of them a distinct xj according to such ordering.
We want to prove by induction on k = |ρ| that
Resx=xρ
k∏
j=1
dxj
xj
â(T f + k) = (−1)h(ρ)â(T ) (2.59)
where
h(ρ) = |ρ|+ #{(a, d) | (a, a, a, d) ∈ ρ and a ≤ d} (2.60)
One can check the case k = 1, where we fix orientation by requiring Resx=1 â(x) =
+1. Suppose eq. (2.59) is true for every ρ of size less or equal to k − 1, and look at
a partition of size k: its character will be the sum of a character of a partition of
size k − 1 (call it χ) and a new term (call it ξ). Without loss of generality we can
choose ξ such that it comes last in our ordering defined above. This means that the
residue over xk = ξ is the last one to be computed.
Since T is movable, so is δT := Tχ+ξ − Tχ, where the subscript of T denotes the
18
character of the partition where it is computed, and by the induction hypothesis
Res{xi}k−1i=1 =χ, xk=ξ
k∏
j=1
dxj
xj
â(T fχ + δT
f + k) =
= (−1)h(χ)â(Tχ)â(1− P123) Resx=ξ dx
x
â
(
(1− µ∗)x− P123χ∗x− P123χx−1
)
(2.61)
This is so because, thanks to the properties of Parshin residue, by the time we come
to computing the residue over xk = ξ, all the other variables have already been
substituted for their value, and δT f takes the form written in eq. (2.61).
Let us focus on this last term: we need to identify possible ±1’s coming from
x−1 term as x→ ξ: these will produce the minus signs we are after when combining
with possible ±1’s from x terms, as we know the argument of residue has exactly one
pole as x→ ξ (because δT is movable), and the expression is otherwise identical to
δT . This task is equivalent to counting the net number of ±1’s in A1 := −P123χξ∗.
Parametrize
χ =
h∑
a=1
qa−14 χa(q1, q2, q3) (2.62)
and distinguish two cases:
• case (a): ξ = qh4 . In this case A1 = −P123
∑h
a=1 q
h+1−a
123 χa has no ±1’s.
• case (b): ξ = qh−14 η with the monomial η ∈ χh−1 but η 6∈ χh. Of course it must
be η/qi ∈ χh for some i ∈ {1, 2, 3}. Let us parametrize η = qA−11 qB−12 qC−13 ,
with A,B,C ≥ 1 and ABC ≥ 2. By considering the parallelepiped P (η)
generated by η, we decompose each χa = χ
P (η) + ∆ηa, where
χP (η) =
A∑
i=1
qi−11
B∑
j=1
qj−12
C∑
k=1
qk−13 (2.63)
and ∆ηa is the sum of all terms in χa where at least one power of q1, q2 or q3
is (strictly) bigger than A− 1, B − 1 or C − 1 respectively. Notice that since
η 6∈ χh, we have to add and subtract it to write χh + η = χP (η) + ∆ηh. This
decomposition allows to sum over χP (η), while it is easy to show that ∆ηa terms
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do not contribute unmovable terms: we can write (up to movable terms)
A1 = −P123η−1
h∑
a=1
qh−a123 χa
= −P123η−1
h−1∑
a=1
qh−a123 χ
P (η) − P123η−1(χP (η) − η)
= −P123η−1
h∑
a=1
qh−a123 χ
P (η) + P123
= −
h∑
a=1
qh−a123 q
1−A
1 q
1−B
2 q
1−C
3 + 1
(2.64)
There are two subcases:
– case (b1): if 2 ≤ A = B = C ≤ h (because h − a + 1 − A = 0 ⇒ a =
h + 1 − A ≥ 1 ⇒ h ≥ A), then we get −1 + 1, namely no zeros or poles
from A1.
– case (b2): otherwise, we get exactly one pole from the second term.
Since Resx=ξ
dx
x â(ξx
−1) = −1, while Resx=ξ dxx â(ξ∗x) = +1, the desired sign pattern
is proven: terms of type (b1) and (a), which are present exactly when ξ increases
h(·) by 0 (mod 2), do not have poles or zeros in x−1 and therefore do not get a
minus sign when computing the residue, while terms of type (b2), which increase
h(·) by 1, have a single pole in x−1 and therefore get an extra minus sign.
2.5 The conjecture
We conjecture that the instanton partition function can be written as
ZD8N (p, {qa}, {να}, {µα}) = PEF
(
q1, q2, q3, q4,
n∏
α=1
να
µα
,−p
)
(2.65)
where the plethystic exponent of f(x1, . . . , xr) is
PE f(x1, . . . , xr) = exp
∞∑
m=1
1
m
f(xm1 , . . . , x
m
r ) (2.66)
and the argument is
F (q1, q2, q3, q4, s, p) =
[q12][q13][q23]
[q1][q2][q3][q4]
[s]
[p
√
s][p/
√
s]
(2.67)
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In particular, the dependence on Coulomb branch parameters and masses is only
through an overall product factor. We have checked the conjecture up to the sizes
k = 16, 7, 6, 5, 4 for the ranks N = 1, 2, 3, 4, 5 respectively.
The simple dependence on the rank N Coulomb parameters and N masses (or,
on the U(N |N) Coulomb parameters), presumably reflects the U(N |N) → U(1|1)
reduction in the non-perturbative setting.
2.6 Non-generic parameters and wall-crossing
One of the assumptions of the localization computation is that the parameters in
M and N are generic, namely they are not related to each other nor to the qa’s.
That is required (roughly speaking) so that the torus action localizes the integral
completely, or equivalently to prove that the tangent space is movable. If this is not
the case, one should first deform the problem such that the parameters are generic
enough, and then take the desired degenerate limit. Our conjecture implies that,
when M and N are such that
N∏
α=1
να =
N∏
α=1
µα, then Z = 1. This often involves
cancellations among many singular terms, and it has been checked in many cases to
hold experimentally. On the other hand, when the parameters are non-generic, one
can often deform the action by adding further exact terms, which localize the path
integral to a smaller subset than the generic case.
2.6.1 Example
Let us look at an example with rank 2 and degenerate Coulomb parameters N =
1 ⊕ q3q4, and masses M = q3 ⊕ q4. One can check that indeed the contributions
from fixed points cancel for the first few values of k; as k grows, some singular terms
appear, but their contributions also cancel, as expected.
On the other hand, since we also have a decomposition I = I1 ⊕ I2 and Υ =
Υ1 ⊕ Υ2, we can add to the gauge fermion Ψ the terms B3I1Υ†1 and B4I1Υ†2 that
are allowed by the particular form of N and M , and imply that classical vacua also
satisfy the two equations B3I1 = 0 = B4I1, which imply in turn that the first solid
partition can only grow along directions 1 and 2.
We observe that in this case the virtual tangent character coincides with that
of U(1) N = 2∗ theory in 4d, and the contribution of the partitions colored by 1 is
exactly that of such theory (they are 2d partitions, growing in the q1, q2 directions).
It would be interesting to see whether it is possible to further modify the action
by adding the exact terms in such a way that partitions colored by q3q4 have a
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vanishing contribution, in which case we would be left after crossing the wall with
the partition function of 4d U(1) N = 2∗ theory.
2.7 Chern-Simons term
We can add to our action a 1d Chern-Simons term
CSm = m
∫
tr(At + iΦ) (2.68)
for some m ∈ Z. This is gauge invariant and supersymmetric, and upon localization
it produces (schematically) a factor of
eCSm → em(u1+···uk) = (x1 · · ·xk)m →
 ∏
(a,b,c,d)∈ρ
qa−11 q
b−1
2 q
c−1
3 q
d−1
4
m , (2.69)
in other words the measure eq. (2.37) gets replaced by
Mz(ρ)→Mz(ρ)×
 ∏
(a,b,c,d)∈ρ
qa−11 q
b−1
2 q
c−1
3 q
d−1
4
m (2.70)
(for simplicity we wrote the N = 1 case, the higher rank generalization is straight-
forward). We could not find a simple plethystic expression in the case m 6= 0.
A D8-brane acts like a domain wall in type IIA theory, and it separates regions
of space where the parameter m differs by one unit. As a D0-brane passes through
the D8-brane, m jumps by one unit. In addition there is a jump in the slope of the
effective inverse string coupling constant. The D0-brane, whose effective mass is
proportional to the inverse coupling, feels a force that apparently jumps discontin-
uously. However, this discontinuity is balanced by the tension of the fundamental
string that is created or destroyed in the process [23].
It would be interesting to connect such CS-terms to some M,N → 0,∞ limit of
our equivariant parameters, corresponding to moving one or more (anti)D8-branes
far away at infinity.
3 Prior conjectures
The rank N = 1 case of eq. (2.67) is discussed in Ref. [1]. Another interesting limit
takes us from the theory of multiple D8- to the theory of multiple D6-branes.
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3.1 D0−D6 brane partition functions
Consider k D0-branes probing the worldvolume of N D6-branes in flat space, in
the presence of B-field. The Higgs branch coincides with the moduli spaceMD6N,k of
representations of the generalized ADHM quiver associated to the six-dimensional
maximally supersymmetric U(N) gauge theory on the D6: it is given by the space
of k× k matrices (B1, B2, B3, Y = B4) and the k×N matrix I satisfying equations
[Ba, Bb] + εabc[B†c , Y ] = 0
3∑
a=1
[Ba, B†a] + [Y, Y
†] + I ⊗ I† = r > 0
Y I = 0
(3.1)
modulo the action of U(k)
X = (B1, B2, B3, Y, I) 7→ g.X = (gB1g−1, gB2g−1, gB3g−1, gY g−1, gI) (3.2)
The torus action is given by the Ω background parameters qa = e
βεa correspond-
ing to the rotations of the three orthogonal spatial R2’s in the worldvolume, and
Coulomb branch parameters να = e
iaα in the Cartan of U(N). Let y = ({qa}, {να}).
We consider the grand canonical partition function ZD6N of integrals of some char-
acteristic class τ in equivariant K-theory
ZD6N (p,y) =
∞∑
k=0
pk
∫
MD6N,k
τN,k (3.3)
One can use localization to compute Z as a sum over the fixed points. Define
u = diag(ν1, . . . , νN ). The fixed points are given by matrices for which the torus
action can be undone by a U(k) transformation:
(q1B
1, q2B
2, q3B
3, (q1q2q3)
−1Y, Iu) = g(q1, q2, q3, u).X (3.4)
These are in one-to-one correspondence with the N -tuples of plane partitions ~pi =
(pi1, . . . , piN ). The virtual tangent space is
T~pi =
NN∗ − EE∗∏
a
(
1− q−1a
) (3.5)
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where N =
∑
α
να, E = N −K
3∏
a=1
(1− qa), and the character of a plane partition is
chpi(q1, q2, q3) =
∑
(a,b,c)∈pi
qa−11 q
b−1
2 q
c−1
3 (3.6)
ForN = 1 one can compute T as the difference between deformation and obstruction
in perfect obstruction theory. For N > 1 one can use a supersymmetric quantum
mechanics and apply the same method as section 2. Applying the function â to
eq. (2.42) gives the result of localization (in Dirac twist) for Z. Concretely, Z is a
generating sum over colored plane partitions [24,25]
ZD6N (p,y) =
∞∑
k=0
pk
∑
|~pi|=k
µ~pi(y) (3.7)
with the weight function determined by â(T )
µ~pi(y) =
N∏
α,β=1
∏
s∈piα
[qsναβ]
∏
s′∈piβ
[qs−s
′
ναβ]
3∏
a=1
[q−1a q
s−s′+1ναβ]
∏
s′∈piβ
[q1−s
′
ναβ]
∏
s∈piα
[qs−s
′+1ναβ]
3∏
a=1
[qaq
s−s′ναβ]
(3.8)
We denoted qr+i = qr1+i1 q
r2+i
2 q
r3+i
3 for r ∈ pi, i ∈ Z, and ναβ = ναν−1β .
To get the D0−D6 measure from the D0−D8 measure we set
να = q4µα (3.9)
for all α = 1, . . . , N . Thus, the parameter s =
∏N
α=1
να
µα
in eq. (2.67) equals qN4 and
our conjecture reduces to the conjecture of Awata and Kanno [26] (in particular, it
does not depend on the Coulomb moduli να, as also observed in Ref. [26]) and for
N = 1 to the conjecture by one of the authors [4] proved by Okounkov [27]. In the
rank N case ZD6N can be written as a plethystic exponent (we use q4 := (q1q2q3)−1):
ZD6N
(
(−1)Np,y) = exp ∞∑
m=1
1
m
F (qm1 , q
m
2 , q
m
3 , q
m
4 , q
−Nm
4 , p
m) (3.10)
Remark Using eq. (C.4) we can write
F (q1, q2, q3, q4, q
−N
4 , p) =
1
N
N−1∑
`=0
F (q1, q2, q3, q4, q
−1
4 , p
1
N e2pii`/N ) (3.11)
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so that ZD6N becomes a product of N copies of ZD6N=1:
ZD6N ((−1)Np, q1, q2, q3) =
(
N−1∏
`=0
ZD61 (p
1
N e
2pii`
N , q1, q2, q3)
) 1
N
(3.12)
Using eq. (C.6) we can equally write (use z1 = q
1
2
123p
1
2N , z2 = q
1
2
123p
− 1
2N , z1z2 = q123):
F (q1, q2, q3, q4, q
−N
4 , p) =
−
N∑
l=1
[q12][q13][q23]
[q1][q2][q3][z
N+1−l
1 z
1−l
2 ][z
l−N
1 z
l
2]
=
N∑
l=1
[q12][q13][q23]
[q1][q2][q3][q
N
2
+1−l
123 p
1
2 ][q
−N
2
+l
123 p
− 1
2 ]
(3.13)
so that
ZD6N (p, q1, q2, q3) =
N∏
l=1
ZD61
(
pqN+1−2l123 , q1, q2, q3
)
(3.14)
This formula should be compared to the partition function of eleven dimensional
supergravity on R6 × S˜N fibered over S1 with the twist on R6 ≈ C3 given by
(q1, q2, q3) and the compensating rotation of the resolved ALE space S˜N , with p
being the hyperKa¨hler U(1) rotation.
In the limit εa → 0, keeping εa/εb finite, and imposing the Calabi-Yau constraint
3∑
a=1
εa = 0, the partition function becomes a product of MacMahon functionsM(. . .):
ZD6N
(
(−1)Np, {qa}
) −→ N−1∏
`=0
M
(
p
1
N e
2pii`
N
) 1
N
= M(p)N (3.15)
the last equality being a consequence of the equality of eqs. (C.4) and (C.6). Equa-
tion (3.15) agrees with Ref. [28, eq. (7.12)] up to a sign redefinition of p.
A Examples
A.1 A computation at five instantons
Let us compute the residue contribution for rank N = 1 from the fixed point
u∗ = (0, ε1, 2ε1, ε2, ε1 + ε2) (A.1)
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for which
Q(u∗) = {e1, e21, e31, e42, e52, e53} (A.2)
Let us take a small δ > 0 and
ξ = (1 + 5δ)e1 + (1 + 4δ)e2 + (1 + 3δ)e3 + (1 + 2δ)e4 + (1 + δ)e5 (A.3)
By computing products ξ · ei we see that the only flag contributing to the residue is
F = 〈e1〉, 〈e1, e21〉, 〈e1, e21, e31〉, 〈e42, e31, e21, e1〉 (A.4)
which has ν(F ) = +1. The iterated residue at F of χ5 is equal to its iterated residue
at the flag given by our choice of ordering, both being
ResF χ5 = − (−1 + µ)(µ− q1)(µ− q
2
1)(µ− q2)(µ− q1q2)(−1 + q1q2)2
(−1 + q1)3(1 + q1)(q1 − q2)2(q21 − q2)(q31 − q2)(−1 + q2)2
× (1 + q1q2)(−1 + q
2
1q2)(−1 + q31q2)(−1 + q1q22)(−1 + q1q3)2(−1 + q21q3)
(q1 − q22)(q1 − q3)(q21 − q3)(q2 − q3)(q1q2 − q3)(−1 + q3)(q1 + q2)
× (−q2 + q
2
1q3)(−q2 + q31q3)(q1 − q2q3)(−1 + q2q3)2(q1 − q22q3)(q21 − q22q3)
(−1 + q1q2q3)(−1 + q21q2q3)(−1 + q31q2q3)(−1 + q1q22q3)(−1 + q21q22q3)
(A.5)
A.2 A check of the conjecture at two instantons
Let us check the simplest non-trivial case, k = 2 instantons at rank N = 2. There
are four solid partitions of size 2, with character 1 + qi for i = 1, . . . , 4, and one
solid partition of size 1, with character 1. Therefore the pairs contributing to the
two instanton sector are (1 + qi, 0), (0, 1 + qi) and (1, 1). The partition function is
ZD8k=2,N=2 = z(1,1) +
4∑
i=1
(z(1+qi,0) + z(0,1+qi)) (A.6)
with
z(1,1) = −
(µ1 − ν1)(µ2 − ν1)(µ1 − ν2)(µ2 − ν2)(−1 + q1q2)2
µ1µ2(−1 + q1)2(−ν2 + ν1q1)(−ν1 + ν2q1)(−1 + q2)2
× (−ν2 + ν1q1q2)(ν1 − ν2q1q2)(−1 + q1q3)
2(−ν2 + ν1q1q3)
(ν2 − ν1q2)(−ν1 + ν2q2)(−1 + q3)2(ν2 − ν1q3)(−ν1 + ν2q3)
× (ν1 − ν2q1q3)(−1 + q2q3)
2(−ν2 + ν1q2q3)(ν1 − ν2q2q3)
(−1 + q1q2q3)2(−ν2 + ν1q1q2q3)(−ν1 + ν2q1q2q3)
(A.7)
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z(1+q1,0) = −
(µ1 − ν1)(µ2 − ν1)ν2(µ1 − ν1q1)(µ2 − ν1q1)(−1 + q1q2)
µ1µ2ν1(ν1 − ν2)(−1 + q1)2(1 + q1)(−ν2 + ν1q1)(q1 − q2)
× (−1 + q
2
1q2)(−1 + q1q3)(−1 + q21q3)(q1 − q2q3)(−1 + q2q3)
(−1 + q2)(q1 − q3)(−1 + q3)(−1 + q1q2q3)(−1 + q21q2q3)
(A.8)
z(1+q2,0) = −
(µ1 − ν1)(µ2 − ν1)ν2(µ1 − ν1q2)(µ2 − ν1q2)(−1 + q1q2)
µ1µ2ν1(ν1 − ν2)(−1 + q1)(q1 − q2)(−1 + q2)2(1 + q2)
× (−1 + q1q
2
2)(−1 + q1q3)(−q2 + q1q3)(−1 + q2q3)(−1 + q22q3)
(−ν2 + ν1q2)(q2 − q3)(−1 + q3)(−1 + q1q2q3)(−1 + q1q22q3)
(A.9)
z(1+q3,0) =
(µ1 − ν1)(µ2 − ν1)ν2(−1 + q1q2)(q1q2 − q3)(µ1 − ν1q3)
µ1µ2ν1(ν1 − ν2)(−1 + q1)(−1 + q2)(q1 − q3)(q2 − q3)
× (µ2 − ν1q3)(−1 + q1q3)(−1 + q2q3)(−1 + q1q
2
3)(−1 + q2q23)
(−1 + q3)2(1 + q3)(−ν2 + ν1q3)(−1 + q1q2q3)(−1 + q1q2q23)
(A.10)
z(1+q4,0) =
(µ1 − ν1)(µ2 − ν1)ν2(−1 + q1q2)(−1 + q1q3)(−1 + q2q3)
µ1µ2ν1(ν1 − ν2)(−1 + q1)(−1 + q2)(−1 + q3)(−1 + q1q2q3)2
× (−ν1 + µ1q1q2q3)(−ν1 + µ2q1q2q3)(−1 + q
2
1q
2
2q3)(−1 + q21q2q23)
(1 + q1q2q3)(ν1 − ν2q1q2q3)(−1 + q21q2q3)(−1 + q1q22q3)
× −1 + q1q
2
2q
2
3
−1 + q1q2q23
(A.11)
z(0,1+q1) = −
ν1(µ1 − ν2)(m− 2− ν2)(µ1 − ν2q1)(µ2 − ν2q1)(−1 + q1q2)
µ1µ2(ν1 − ν2)ν2(−1 + q1)2(1 + q1)(ν1 − ν2q1)(q1 − q2)
× (−1 + q
2
1q2)(−1 + q1q3)(−1 + q21q3)(q1 − q2q3)(−1 + q2q3)
(−1 + q2)(q1 − q3)(−1 + q3)(−1 + q1q2q3)(−1 + q21q2q3)
(A.12)
z(0,1+q2) = −
ν1(µ1 − ν2)(µ2 − ν2)(µ1 − ν2q2)(µ2 − ν2q2)(−1 + q1q2)
µ1µ2(ν1 − ν2)ν2(−1 + q1)(q1 − q2)(−1 + q2)2(1 + q2)
× (−1 + q1q
2
2)(−1 + q1q3)(−q2 + q1q3)(−1 + q2q3)(−1 + q22q3)
(ν1 − ν2q2)(q2 − q3)(−1 + q3)(−1 + q1q2q3)(−1 + q1q22q3)
(A.13)
z(0,1+q3) =
ν1(µ1 − ν2)(µ2 − ν2)(−1 + q1q2)(q1q2 − q3)(µ1 − ν2q3)
µ1µ2(ν1 − ν2)ν2(−1 + q1)(−1 + q2)(q1 − q3)(q2 − q3)
× (µ2 − ν2q3)(−1 + q1q3)(−1 + q2q3)(−1 + q1q
2
3)(−1 + q2q23)
(−1 + q3)2(1 + q3)(ν1 − ν2q3)(−1 + q1q2q3)(−1 + q1q2q23)
(A.14)
z(0,1+q4) =
ν1(µ1 − ν2)(µ2 − ν2)(−1 + q1q2)(−1 + q1q3)(−1 + q2q3)
µ1µ2(ν1 − ν2)ν2(−1 + q1)(−1 + q2)(−1 + q3)(−1 + q1q2q3)2
× (−ν2 + µ1q1q2q3)(−ν2 + µ2q1q2q3)(−1 + q
2
1q
2
2q3)(−1 + q21q2q23)
(1 + q1q2q3)(−ν2 + ν1q1q2q3)(−1 + q21q2q3)(−1 + q1q22q3)
× −1 + q1q
2
2q
2
3
−1 + q1q2q23
(A.15)
One can check that eq. (A.6) has the plethystic representation eq. (2.65).
27
B Definitions
We call a collection A of elements Qi ∈ Rk∗ a hyperplane arrangement. We call
A projective if it lies in a half space of Rk∗. If A is projective, let Conesing(A) be
the union of cones generated by all subsets of A with k − 1 elements. Then each
connected component of Cone(A) \ Conesing(A) is called a chamber.
Denote FL(A) the finite set of flags
F = [F0 = {0} ⊂ F1 ⊂ . . . ⊂ Fk = Rk∗] (B.1)
where dimFj = j and A ∩ Fj spans Fj for every j. For F ∈ FL(A), define
κFj =
∑
Qi∈Fj
Qi, j = 1, . . . , k (B.2)
s+(F,A) =

k∑
j=1
mjκ
F
j |mj ∈ R≥0
 (B.3)
If the k vectors κFj are linearly independent, define ν(F ) = ±1 depending on whether
the sequence [κF1 , . . . , κ
F
k ] is positively oriented.
For F ∈ FL(A), take a positively oriented basis {γFi }ki=1 such that {γFi }ji=1
generates Fj ; then the iterated residue at F is defined using such a basis.
For ξ ∈ Rk∗, denote
FL+(A, ξ) = {F ∈ FL(A)|ξ ∈ s+(F,A)} (B.4)
We say that ξ is FL(A)+-regular if for every F ∈ FL+(A, ξ), in any decomposition
ξ =
∑k
j=1mjκ
F
j all the coefficients mj are non-zero.
C ALE computations
The character of the space of sections of the spin bundles over C2 is equal to the
equivariant index of Dirac operator, which is equal to
χC2(z1, z2) =
1
[z1][z2]
≡
√
z1z2
(1− z1)(1− z2) (C.1)
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where z1, z2 are the weights of the two holomorphic coordinates. Now let us perform
an orbifold by ZN ⊂ SU(2), which acts via (z1, z2) 7→ ($z1, $−1z2), $ = exp 2piiN :
χC2/ZN =
1
N
N−1∑
`=0
√
z1z2
(1−$`z1)(1−$−`z2) (C.2)
Using the simple identity
1
N
N−1∑
`=0
1
1− γ$` =
1
1− γN , (C.3)
for any complex γ, which is not an N -th root of unity, we compute:
χC2/ZN (z1, z2) =
[zN1 z
N
2 ]
[z1z2][zN1 ][z
N
2 ]
= χC2
(
zN1 , z
N
2
) N−12∑
m=−N−1
2
(z1z2)
m (C.4)
We call eq. (C.4) an orbifold version of the character. One the other hand, the
orbifold C2/ZN admits a toric resolution S˜N , with the two-dimensional torus action,
which asymptotically is the action of the torus on C2 projected down to the quotient
by ZN . The resolved space S˜N has N isolated fixed points pl, l = 1, . . . , N with
local weights given by:
χTpl = z
N+1−l
1 z
1−l
2 + z
l−N
1 z
l
2 (C.5)
The index of Dirac operator on S˜N is computed by the fixed point formula, giving:
χC2/ZN (z1, z2) =
N∑
l=1
χC2
(
zN+1−l1 z
1−l
2 , z
l−N
1 z
l
2
)
(C.6)
We call eq. (C.6) a blown up version of the character. The equality of eqs. (C.4)
and (C.6) can be checked directly. However it is amusing to observe that the equality
is a consequence of the compactness of the fibers of the projection S˜N −→ C2/ZN
(see Ref. [29] for a similar discussion).
Note that for each l the product of the two weights is equal to z1z2. This is a
reflection of the Calabi-Yau nature of the resolution S˜N .
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